We calculate contributions to the finite temperature effective action for the electroweak phase transition (EWPT) at O(g 4 ), i.e. at sec
Introduction
Since the transition is weakly first-order, infrared divergences [9] from the resultant nearly massless scalar and gauge boson modes make higher-loop graphs important. The inclusion of plasma masses [10, 11] accounts for the most important corrections, O(g 2 T 2 /M 2 ), while all other higher-loop corrections are O(g 2 T /M) [12] . Several authors have examined plasma mass corrections in the gauge sector [12, 13, 14, 15] ; while we will refine these calculations, the basic result holds that electric modes decouple [15] , reducing the cubic term in V by 1/3. For the Higgs sector Carrington [14] computed the leading plasma masses [O(g 2 T 2 ) and O(λT 2 )], and Brahm and Hsu [12] worked to higher order in g.
Unfortunately, the vacuum-to-vacuum method we used overcounts some contributions, as pointed out by the authors of ref. [15] and by Boyd; in this paper we re-examine the Higgs sector using tadpole graphs.
One may question the validity of inserting zero-momentum plasma masses into our diagrams [16] ; we estimate the error involved using the derivative expansion of the effective action [17] , and also by direct calculation of a two point graph. We note derivative terms can be important for determining critical bubbles or (B+L)-violating sphaleron solutions [18] , and resolving questions of gauge-invariance.
The 1-loop effective potential
The effective action Γ[φ] is the double Legendre transform of the generator of 1PI truncated Green's functions, and is the Legendre transform of W [J]:
whereφ is the expectation value of the field op J. The quantum theory described by W [J] is eq theory described by Γ[φ], which can be expand
On the restricted Hilbert space of states locali potential [19, 20] .
At finite (non-zero) temperature, V can b density in the convex region, and can be calcu tiperiodic) boundary conditions on bosonic (fer k 2 4 → ω 2 n = (2πnT ) 2 and
integer) for bosons (fermions) [5, 6, 21, 22] . V c as the sum of tree-level, T = 0, and finite-T con
where
At any order, a useful app
where T 0 is the temperature at which V ′′ (φ = 0)
can be used to estimate quantities such as T c , th two degenerate minima, andφ + , the position minimum.
We add counterterms [4] to V 1 to maintai Σ(M 2 h ) + Σ(0) at T = 0. The latter relation a vanishing external momentum while the physic (p 2 = M 2 h ) [23] ; it is accounted for by "running
The sums are over all particles j with g j degrees of freedom and mass m j (φ); we write M j = m j (v). The upper sign is for bosons, the lower for fermions. The Standard Model fields in Landau gauge [1, 4, 24] are the Higgs (g h = 1), the Goldstone bosons (g χ = 3), the top quark (g t = 12), and the gauge bosons (g W = 6, g Z = 3), with tree-level masses
In Appendix A we give the running functions f j (r) defined in eq. (2.6). Note the Goldstone bosons, massless in Landau gauge forφ = v, contribute a logarithmic infinity to Σ(0) and thus to ∆λ, which exactly cancels the infinity in the ln[m
The T -dependent part of the effective potential is [5, 6, 21, 22] 
Series expansions of I ± can be found in Appendix B. The φ 3 term arising from gauge boson loops is primarily responsible for the hump in the potential [1, 4, 25] .
The Higgs and Goldstone masses can make imaginary contributions to V . For homogeneous field configurations, these represent the rate of decay to inhomogeneous states [20] . We speculate that for the critical bubble they are canceled (at least in large part) by derivative corrections [26] . The critical bubble has only one negative eigenmode (the "breathing" mode), whose contribution to the imaginary part of the action appears to be independent of the bubble radius R in the thin-wall limit, whereas the imaginary parts of V would contribute ∼ R 2 to the action if uncancelled. It is also very suggestive that the region in which the integrand of eq. (2.8) is complex (x < |y|, or k < |m|) arises from Fourier modes of φ with wavelengths larger than the bubble wall thickness [26, 27] . We eliminate these modes by taking the real part of V 1 and changing the lower limit of integration in eq. (2.8) to Im{y}.
In the tadpole method [25, 28] 
Higher order corrections
Beyond one loop, the most important diagrams are daisies and super-daisies, as well as one other, the lollipop (Fig. 1e ).
Consider the W tadpole (first diagram of Fig. 1a) , which contributes ∼ (gT 2 M ) to V ′ , where M ∼ gφ. "Daisies" [5] (Fig. 1b,c) are diagrams with loops on the main W loop; those in Fig. 1b 
If we ignore powers of T /φ, daisies are O(g 3 ). "Super-daisies" (Fig. 1d) con-
, and are O(g 4 ) corrections. While many other diagrams exist which cannot be classified as daisies or super-daisies (Fig. 1e,f) , only the "lollipop" (Fig. 1e) is O(g 4 ). In the region of interest
, so we make a consistent approximation by considering super-daisy diagrams and the lollipop. In the Higgs sector the same categorization holds by replacing g 2 → λ.
We emphasize that the convergence properties of the loop expansion depend on the choice ofφ as well as T. incorporated by replacingm in eq. (2.9) with plasma masses [11] . Working to O(g 4 ) requires a self-consistent solution of the mass gap equations. These are not the whole story, however, since we calculated the plasma masses at vanishing external momenta. Wavefunction renormalization and the momentum dependence of the plasma masses must also be included. We plan to address these non-static corrections in a future publication [30] , but make all effective potential calculations in this paper with self energies evaluated at ω n = 0 and three-momenta k = 0.
To put the various corrections in perspective, we estimate their contributions to the effective potential terms D,E,and λ T , as well as to a "pseudo-linear" term J, valid only when the tree mass is larger than the static plasma mass. Since daisy and super-daisy contributions are summed by mass renormalizations Table 1 ). The terms involving ρ alon involving σ come from super-daisies (and sub-l
The largest correction comes from daisies introduction of an infrared cutoff eliminates t graph. The plasma mass of the W longitudina while the Higgs plasma mass falls between the All of this is for static self energies. We ca ken theories, for the self energy of gauge bosons of nonzero frequency ω n = 0, or nonzero three-m rections. A typical correction is a self energy contribution 
, and for purposes of power counting, F x (defined in Appendix C) ∼ T /x. For the table, we have assumed an expansion in m T . In general, the non-static part of a tadpole is as important as the static part. However, in the unbroken theory with ω n = 0 (only ω n = 0 contributes to E), the coefficient of k 2 is down by ∼ 1 π 2 relative to the coefficient of T 2 , suggesting thatφ + /T c is not significantly altered by non-static terms. This contrasts with some recent claims [32] .
The gauge sector
To first approximation M = m W = gφ/2, so without propagator modification the loop expansion fails forφ < T , which is unacceptable. We solve the gap equation of Fig. 2a to obtain both electric and magnetic plasma masses for the W. It is known [33] that forφ = 0, to leading order the magnetic plasma mass vanishes, so we write 
We calculate ρ 0 , σ 0 , and σ i to 1-loop for the but we will only use the result for sin θ w = λ = ρ 0 = 11/6,
We will treat the Z as a third W boson, but im In ref. [12] two of the authors used these m W loop, i.e. in eq. (2.8), and found a linear t this is equivalent to using both an improved pr point coupling (Fig. 3a) . For example, ifm the vacuum to vacuum W loop generates a tad coupling ig µν dm 2 dφ and improved inverse propaga "figure eight" tadpole as shown in Fig. 3b , and (since the improved coupling does not vanish atφ = 0). It is therefore important to makeφ dependent mass renormalizations at the tadpole level [15, 34] .
It has been suggested [35, 32] that including the momentum dependence of the plasma masses eliminates the linear term. While it is true that the momentum dependence can be an important correction, anyφ dependent mass renormalization, whether or not it also depends on momentum, must be made at the tadpole (or mass, 3-point, etc.) level to avoid overcounting. We believe the linear term found by Shaposhnikov [13] arose from a similar overcounting.
Substituting the improved masses into the propagator in the W tadpole, counting all 3 W's, yields
where −iP ν µ (k) is the Landau gauge tree-level propagator, and Π
where k Insofar as m i ∼φ and m 0 ∼ T , this term reduces the cubic term in V by 1/3, as expected [15] . In Appendix C we show there is an additional (relatively unimportant) correction:
We next turn to the lollipop diagram (Fig. 1e) , with propagators improved to O(g 2 ). The contribution of internal
There is also a contribution due to the Z. De to Appendix C, where the expression is evalu δ = 0, ∞.
Finally, we remark on our gauge fixing. I gauge -Goldstone boson mixing can be elimina gauge for every value ofφ. Although the pote for this [36] , it is unnecessary in the case of L term vanishes due to ∂ µ A µ = 0.
The Higgs sector
It is easy to include the effects of gauge boson propagator, since the effective potential is the ge at zero external momentum. If V G is the poten and fermions only, then the shifted Higgs mass son mass m
We could solve the gap e as we did for the gauge sector, giving:
However, except for very heavy Higgses these a
which corresponds to Fig. 2b . These are the Thus, we have summed contributions to the superdaisies, but only Higgs daisies.
Carrington [14] , working to lowest order in with V ′′ G and V ′ G /φ replaced by their values at t temperatures the scalar masses appeared real. Our calculation re-introduces imaginary masses; see the discussion following eq. (2.8). Some bumpiness results in our plots where m h and m χ pass through zero.
Improving the Standard Model effective potential
We first calculate the "1-loop" effective potential. Then we omit the Higgs sector and improve the gauge sector as described in eq. (4.7) and the subsequent paragraph to get V G . The Higgs sector is then added back in using eq. (5.2) in eq. (2.9), adding the lollipop from Appendix C, and integrating to get the "Super-Daisy" potential, as in Fig. 2c . [14] . Each potential is shown at its critical temperature T 1 (i.e. when two vacua are degenerate). V , φ, and T are given in units where v = 1.
Forφ ≫ 2T the plasma mass corrections are small, and the 1-loop potential is adequate. The perturbative expansion is still out of control for g 2 T /m i > 4π
(where the numerical factor is something of a guess), or roughlyφ < .06 T (marked by an arrow on the plots), so even the "Super-Daisy" potential is not to be trusted far to the left of the arrow. This is about a factor of 2 closer to the origin than the corresponding cutoff for the "Daisy" potential,φ < .10 T [14] . Indeed we see that for M h > 75 GeV the "Daisy" and "Super-Daisy" potentials differ significantly.
We plot φ + (T 1 )/T 1 (which closely approximates φ + (T b )/T b ) vs. M h for several values of M t in Fig. 5 . For comparison we show values from both Carrington [14] Fig. 14 (with M t = 110 GeV), and Dine et al. Fig. 5 (M t = 120 GeV); in the latter case we converted their results at T b (which they call T t for "tunneling") using the quartic potential relation
and took ǫ b from their Fig. 6 . For a light Higgs, (see Fig. 4 ), all the results agree closely. As t order corrections appear to lower φ + (T 1 )/T 1 . irrelevant for heavier Higgses. Since φ + (T 1 )/T allowed Higgs and top masses, we see the EWP to drive baryogenesis.
Saddlepoints and the effective a
While the effective potential suffices to determ the full action Γ [see eq. (2.
2)] is needed to det of the system, such as the rates for bubble nuc For extremal configurations such as critical b
is gauge invariant [37] , so deriv gauge dependence of V .
We can use Chan's derivative expansion [1 tive corrections. Since the finite temperature the same equations as the zero temperature o conditions, we may formally express G(x, y), in
where U (x) is the mass of the field in question, corrections. Following Chan's technique, we w sion in even powers of derivatives: The contribution to the spatial part of the kinetic energy arises from the m = 1, q = 2 and m = 2, q = 1 terms in the above sum. Taking only the dominant n = 0 part of the frequency sum gives
where U = m 2 j (φ), and ∂ i is a spatial derivative. We have inserted values for the tree level W mass in the second expression, corresponding to the p 2 term of the penultimate diagram in Fig. 2b .
The form is as expected by naive power counting of a one loop graph with two external legs, both carrying nonzero momentum. Since this O(g) contribution is numerically small, one might think derivative corrections are unimportant. That this may not be the case is indicated by the calculation of the O(g 2 ) graph in Fig. 6 .
This graph arises in the derivative expansion from a shifting of G −1 due to Figure 6 : Momentum-dependent Higg mixing which we previously ignored. Its cont real part of the Higgs self-energy, with real ext
in which
and p is the magnitude of the the external thr
The integral has been computed previousl algebraic correction, it gives
where M W is our subtraction point, and sign(0) = 0. The analytic behavior of this diagram [note the strange T /p behavior of L(m 2 ; p 0 , p)] is sensitive to the scheme one uses to continue from imaginary to real external momentum. Our continuation prescription is consistent with previous work [31, 38] , but there are other methods [39] . The p 0 = 0, p = 0 behavior, which characterizes saddlepoint solutions, may be altered if our prescription turns out to be incorrect.
Conclusion
Much recent work on the EWPT [12, 13, 14, 15, 32] has concentrated on improving the calculation of V. We now believe there is no linear term, and that the propagator improvement performed in ref. [14] and estimated in ref. [15] is essentially correct for the gauge sector to O(g 3 ). The main result of these corrections is to screen the longitudinal mode, decreasing the cubic term E by a factor of 1/3 and making the transition more weakly first-order.
In this paper we have included higher order corrections not previously considered, specifically those from subleading parts of daisy graphs, gauge superdaisies, gauge superdaisies in the Higgs sector, and the "lollipop" diagram. We estimated the effect on the effective potential of using momentum-dependent self-energies, and computed the O(g 2 ) derivative corrections to the effective action. The results of our effective potential computations are similar to those of [14, 15] for a light Higgs (M h ≤ 75 GeV), but show an even further weakening of the transition for a heavier Higgs (75 GeV < M h < 125 GeV). Above 125 GeV our expansion becomes less reliable.
Evans [32] has criticized all recent calculations of the electroweak effective potential on the grounds that propagator resummations have been performed at zero external momentum, rather than on-shell. We find that although this approximation does lead to errors (as pointed out in our earlier preprint [12] ), they are unlikely to lead to any qualitative changes in the behavior of the potential.
Derivative corrections to the effective action may be important, however. For example, if the diagram in Fig. 6 is indicative, they could significantly alter bounce solutions when typical spatial frequencies are less than about T /8.
Estimates of bubble wall thicknesses are often rections to the gauge boson effective action cou We hope to examine derivative corrections and in the future [30] .
To summarize, a computation of V in a subject to uncontrolled infrared corrections fo are included in both the gauge and Higgs se reliable forφ > gT /10. We have computed compared the results to previous estimates. I energies are reliable, the Standard Model (eve is still inadequate to generate the baryon asym 
Note the imaginary part of f χ (representing the amplitude for a Higgs to decay to Goldstone bosons in the ungauged theory) is exactly canceled by a term in f W,Z . For large r, the leading results for the top and the gauge bosons (corresponding to taking Σ(M
2)
The electric and magnetic plasma masses for the W ± from Fig. 2a are:
The three numbers in brackets in the first term of Π 0 0 reflect contributions from the gauge sector, the Higgs sector, and 12 fermionic isospin doublets, respectively. where K and Y are Bessel functions, H is the Struve function, ζ is the Riemann zeta function, [x] is the greatest integer less than or equal to x, and infinite sums are terminated when the desired accuracy is achieved.
We note that the φ 4 ln φ 2 terms which come from I ± (gφ/T ) and those which come from the T = 0 potential cancel.
